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Borrowing information from historical trials

Randomized 
controlled 

trial on 
specific 
disease, 

2:1 
randomization

new compound as treatment for active 
treatment arm, N=200

control arm, N= 100
Historical trials, 
control-arm data, 

N ≲ 100 

Propensity score matching

Bayesian dynamic 
borrowing

Propensity score stratified 
meta-analytic predictive 

prior approach*

𝒀𝟎∗
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* Zhu, A. Y., Roy, D., Zhu, Z., & Sailer, M. O. (2023). Propensity score stratified map prior and posterior inference for 
incorporating information across multiple po- tentially heterogeneous data sources. Journal of Biopharmaceutical 
Statistics, 1–15. 

𝒀𝟏∗



Question

unknown or  
unmeasured 
confounders
may influence 
endpoint

Bias
 (e.g. in average 
effect treatment 

estimation)

Which technique yields 
the most efficient and 
accurate results under 
unmeasured 
confounders?

lead to arises 
question
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Structure

Explanation of methods & operating 
characteristics

Simulation studies

Real case study

Conclusion & outlook
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Methods & operating 
characteristics
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Propensity score 
matching

1. Estimate propensity score with a model involving relevant baseline characteristics X

                                                where Z = ! 1	 if	patient	i	from	current	trial	
0	 else	

.

2. Match similar historical control patients to current ones via nearest neighbor matching 
algorithm and matching ratio 1:1.
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e(X) := P(Z=1 | X)



Bayesian dynamic 
borrowing
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Similarity assumption may be violated 
when prior-data conflict

𝑝$%&'(𝜃(∗) 𝑌(∗ 𝑝(𝜃(∗|𝑌(∗)

𝑝)*+,(𝜃-∗) 𝑌-∗ 𝑝(𝜃-∗|𝑌-∗)

Increase standard deviation of components to reach target ESS (effective sample size).

ESS of 1

𝑌!|𝜃! , 𝜎!" ∼ 𝑁 𝜃! , 𝜎!" 	 ℎ = 1,… , 𝐻	
𝜃#, … , 𝜃$ , 𝜃%∗|𝜇, 𝜏" ∼ 𝑁 𝜇, 𝜏" 	 ℎ = 1,… , 𝐻	

	 𝜇 ∼ 𝑁(0, 100 ⋅ C𝜎),   𝜇 ∈ 𝑅$'#

                              𝜏 ∼ 𝐻𝑁 0, ()
*
, 𝑐 ∈ 16,8,4,2,1

	 𝑐 based on assumed level of between-trial       
            heterogeneity
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Propensity score 
stratified meta-

analytic predictive 
prior approach

1. Estimate propensity score with a model involving relevant baseline characteristics X

where Z = ! 1	 if	patient	i	from	current	trial	
0	 else	

.e(X) := P(Z=1 | X)

2.  Stratification + identification of similar historical patients (w.r.t to propensity score).

3. Apply Bayesian analysis to each stratum separately by additionally using similarity measure 𝑣+  
    and the between-trial heterogeneity.
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Bayesian dynamic 
borrowing

𝐴𝑇𝐸 =
𝐸[𝑜𝑢𝑡𝑐𝑜𝑚𝑒,-./,.0] - 
𝐸[𝑜𝑢𝑡𝑐𝑜𝑚𝑒*12,-13]

W𝐴𝑇𝐸454 	≔ Y
67#

8!

𝑤#,6𝑚#,6 	−Y
67#

8"

𝑤%,6𝑚%,6
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W𝐴𝑇𝐸:;<=>?$ 	≔
1
𝑌#∗

Y
@	∈	C!∗

𝑜𝑢𝑡𝑐𝑜𝑚𝑒@ 	−
1
𝑌%

Y
@	∈	C"

𝑜𝑢𝑡𝑐𝑜𝑚𝑒@

W𝐴𝑇𝐸:;<=: ≔
1

∑+7#; 𝜔+
Y
+7#

;

𝜔+ ⋅W𝐴𝑇𝐸 +

stratum weights 𝜔. =
/!

∑!"#$ /!
; add up to 1;

reflect similarity between current and historical 
patients in stratum s

)𝐴𝑇𝐸 . 	≔ /
,1-

2#
!

𝑤-,,
. 𝑚-,,

. 	− /
,1-

2%
!

𝑤(,,
. 𝑚(,,

.
Propensity score 
stratified meta-

analytic predictive 
prior approach

Propensity score 
matching

Average treatment effect



Propensity score 
stratified meta-

analytic predictive 
prior approach

𝐶𝑟𝐼:;<=: 	≔ [𝛿D
"
, 𝛿#ED"

] quantiles of sample vector Δ ≔
∑.1-4 𝜔. Δ . [1]

⋮
∑.1-4 𝜔. Δ . [𝐽]

, 

which contains the weighted sum of the difference 
between the posterior samples of 𝑝(𝜃-∗

. |𝑌-∗) and 

𝑝 𝜃(∗
. 𝑌(∗  for each draw j
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𝐶𝐼:;<=>?$: = W𝐴𝑇𝐸:;<=>?$ ± 𝑡 ⋅ 𝑆
1

|𝑌#∗|
+

1
|𝑌%|

	

pooled standard 
deviation

(1 − 5
6) quantile of 

t-distribution

Propensity score 
matching

Bayesian dynamic 
borrowing 𝐶𝑟𝐼454 ≔	 [𝜃D

"
, 𝜃#ED"

]

quantiles of posterior 𝑝 𝜃 𝑦  

Confidence / Credible interval



Operating characteristics

In simulation study: B replications for specific scenario 

W𝐴𝑇𝐸	 ≔ #
4
∑F7#4 W𝐴𝑇𝐸F	

                               W𝑀𝑆𝐸 	≔ #
4
 ∑F7#4 W(𝐴𝑇𝐸F	 − 𝐴𝑇𝐸)"

W𝐵𝑖𝑎𝑠 	≔ 	W𝐴𝑇𝐸 − ATE	
                                 n𝑉𝑎𝑟 	≔ #

4E#
 ∑F7#4 W(𝐴𝑇𝐸F	 − W𝐴𝑇𝐸)"

	 n𝐶𝑜𝑣 	≔ 	
1
𝐵Y
F7#

4

1(𝐴𝑇𝐸 ∈ 𝐶𝐼F)

CI in coverage definition is to be replaced by CrI for Bayesian methods.  

= p1	𝑖𝑓	𝐴𝑇𝐸 ∈ 𝐶𝐼F0	𝑖𝑓	𝐴𝑇𝐸 ∉ 𝐶𝐼F

true ATE is predefined 
in simulation

𝐴𝑇𝐸 = 𝐸 W𝐴𝑇𝐸 	𝑖𝑓	𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑
𝑀𝑆𝐸 = 𝐸 W𝐴𝑇𝐸 − 𝐴𝑇𝐸 "

𝐵𝑖𝑎𝑠	 = 	𝐸[W𝐴𝑇𝐸]−𝐴𝑇𝐸	
𝑉𝑎𝑟	 = 	𝐸[W𝐴𝑇𝐸"]	−	𝐸[W𝐴𝑇𝐸]"
Cov			 = 	 𝐸[1(𝐴𝑇𝐸 ∈ 𝐶𝐼)]		
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Simulation studies
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Simulated trial design & data generation

2:1 
Randomized 
controlled 

trial

active treatment arm, N=200

control arm, N= 100
Historical trials, 
control-arm data, 

N ≲ 100 *

*ESS ≲ 100 or matched ≲ 100

Multiple 
historical 
trials

N=300

N=300

N=300
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𝒃𝒑 = 150 + 0.1 ⋅ 𝑨𝑮𝑬	 − 50 + 0.3 ⋅ 𝑩𝑴𝑰	 − 25 + −2 ⋅ 𝑻 + 𝜖

predefined ATE 

∼ 𝑁(0, 𝜎 = 20)

blood pressure

treatment indicatorunmeasured

current patients 𝑨𝑮𝑬	 ∼ 𝑵 𝟓𝟎, 𝝈 = 𝟏𝟎   and  𝑩𝑴𝑰 ∼ 𝑵(𝟐𝟓, 𝝈 = 𝟑)



Specifications in simulation

u Assumptions made in Bayesian methods:

§ Moderate level of between-trial heterogeneity

§ 80% weight of historical information 

u Each designed scenario run with 𝑩 = 𝟏𝟎𝟎𝟎 replications.

à High Performance Computing
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Different scenario designs – Case a 

25 different 
scenarios

 

 

 

   

                    

 
 

 

 
 

                

                                                                                                                                                                          

                                                                                                                                                                          

 

 

 

 

 

 

 

 

                                                           

    
∼ 𝑁(50, σ = 10) 

      
∼ 𝑁(25, σ = 3) 

    
∼ 𝑁(25, σ = 3) 

      
∼ 𝑁(25, σ = 3) 

     
∼ 𝑁(23, σ = 3) 

     
∼ 𝑁(25, σ = 3) 

      
∼ 𝑁(27, σ = 3) 

     
∼ 𝑁(20, σ = 3) 

     
∼ 𝑁(25, σ = 3) 

     
∼ 𝑁(30, σ = 3) 

      
∼ 𝑁(28, σ = 3) 

     
∼ 𝑁(30, σ = 3) 

      
∼ 𝑁(32, σ = 3) 

    
∼ 𝑁(25, σ = 3) 

     
∼ 𝑁(30, σ = 3) 

     
∼ 𝑁(35, σ = 3) 

    
∼ 𝑁(25, σ = 3) 

      
∼ 𝑁(50, 𝜎 = 10) 

    
∼ 𝑁(50, σ = 10) 

      
∼ 𝑁(50, σ = 10) 

     
∼ 𝑁(47, σ = 10) 

     
∼ 𝑁(50, σ = 10) 

      
∼ 𝑁(53, σ = 10) 

     
∼ 𝑁(40, σ = 10) 

     
∼ 𝑁(50, σ = 10) 

     
∼ 𝑁(60, σ = 10) 

      
∼ 𝑁(57, σ = 10) 

     
∼ 𝑁(60, σ = 10) 

      
∼ 𝑁(63, σ = 10) 

    
∼ 𝑁(50, σ = 10) 

     
∼ 𝑁(60, σ = 10) 

     
∼ 𝑁(70, σ = 10) 

AGE BMI AGE BMI 

H1 H2 H3 H1 H2 H3 

…
 

current patients historical patients
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Different scenario designs – Case b 
 

 

 

   

                    

 
 

 

 
 

                

                                                                                                                                                                          

                                                                                                                                                                          

 

 

 

 

 

 

 

 

                                                           

    
∼ 𝑁(50, σ = 10) 

      
∼ 𝑁(25, σ = 1) 

    
∼ 𝑁(25, σ = 5) 

      
∼ 𝑁(25, σ = 7) 

     
∼ 𝑁(23, σ = 1) 

     
∼ 𝑁(25, σ = 5) 

      
∼ 𝑁(27, σ = 7) 

     
∼ 𝑁(20, σ = 1) 

     
∼ 𝑁(25, σ = 5) 

     
∼ 𝑁(30, σ = 7) 

      
∼ 𝑁(28, σ = 1) 

     
∼ 𝑁(30, σ = 5) 

      
∼ 𝑁(32, σ = 7) 

    
∼ 𝑁(25, σ = 1) 

     
∼ 𝑁(30, σ = 5) 

     
∼ 𝑁(35, σ = 7) 

    
∼ 𝑁(25, σ = 3) 

      
∼ 𝑁(50, 𝜎 = 5) 

    
∼ 𝑁(50, σ = 8) 

      
∼ 𝑁(50, σ = 3) 

     
∼ 𝑁(47, σ = 5) 

     
∼ 𝑁(50, σ = 8) 

      
∼ 𝑁(53, σ = 3) 

     
∼ 𝑁(40, σ = 5) 

     
∼ 𝑁(50, σ = 8) 

     
∼ 𝑁(60, σ = 3) 

      
∼ 𝑁(57, σ = 5) 

     
∼ 𝑁(60, σ = 8) 

      
∼ 𝑁(63, σ = 3) 

    
∼ 𝑁(50, σ = 5) 

     
∼ 𝑁(60, σ = 8) 

     
∼ 𝑁(70, σ = 3) 

AGE BMI AGE BMI 

H1 H2 H3 H1 H2 H3 

…
 

25 different 
scenarios

current patients historical patients
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Results

Ø Prior-data	con�lict	à	W𝑀𝑆𝐸	rise

Ø PS	Methods	less	conditions	for	‚almost	unbiased‘	à	

Ø W𝑀𝑆𝐸454	and	W𝐵𝑖𝑎𝑠454	invariant	to	covariate	variability	𝜎	
------------------------------------------------------------------------------------
Ø often	PSMAP	and	BDB	comparable	except	for	strong	prior-data	
con�lict					

Ø although	W𝑀𝑆𝐸:;<=>?$ 	and	W𝑀𝑆𝐸:;<=:	similar	behaviour,	PS	
matching	almost	always	most	inef�icient

18

∅ 𝜇$%&!" = 25
= 𝜇$%&#$%%&'(



Real case study
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Real case study – schizophrenia*  
Change in positive & negative syndrome scale total score from baseline at week 12

NCT01077700 NCT01095562 NCT01655680 NCT01678755 

historical control studies (≈ 200)current control study (60)

Inclusion criteria: between 20 and 55 years old patients 

Baseline covariates: age, gender, race, height, weight, systolic & diastolic blood pressure, smoking status 

Matched/prior ESS ∼ 60; moderate level of between-trial heterogeneity; 𝑤!@+,1-@*/3 = 80	%

20

Method W𝑨𝑻𝑬 CI / CrI Interval
length

PS Match

Bayesian 
Borrowing

PS-MAP

-4.08

-3.79

-4.2

[-5.37, -2.8]

[-5.07, -2.52]

[-5.39, -2.97]

2.57

2.55

2.42

Abbvie 
sponsored 
trials

R
E
S
U
L
T
S

*Data and access are provided by TransCelerate Platform and TransCelerate Biopharma and the participants.
Neither TransCelerate Biopharma nor any of the participants have contributed to, approved, or are in any way responsible for my research results. 



Conclusion & outlook
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Conclusion & outlook

Which technique yields the most efficient and accurate results under unmeasured 
confounders?

All methods have strong requirements for unbiased ATE estimates.
              

§ The PS Matching almost always most inefficient. 
§ Especially when stronger prior-data conflict PSMAP most efficient.

§ Increasing number of replications, e.g. B=10000.
§ Adjusting weight of robust prior component based on assumed level of prior-data 

conflict.
§ Adjusting level of between-trial heterogeneity.
§ Inclusion of more covariates.
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SHT – Bias estimate
PS Model: 
only AGE 

adjustment

PS – Propensity Score

almost unbiased when 
𝜇)*+!"#$%&"'() = 25 = 𝜇)*+*+&&,-$ AND 
𝜇,-.!"#$%&"'() = 50 = 𝜇,-.*+&&,-$

almost unbiased when 
𝜇)*+!"#$%&"'() = 25 = 𝜇)*+*+&&,-$
(except for scenarios 13+14)

almost unbiased when 
𝜇)*+!"#$%&"'() = 25 = 𝜇)*+*+&&,-$

27



SHT – MSE estimate

𝜇'()!/0(1%/234 = 50 𝜇'()!/0(1%/234 = 60

𝜇$%&!/0(1%/234 = 25

𝑀𝑆𝐸 = 𝑉𝑎𝑟 + 𝐵𝑖𝑎𝑠6

𝜇$%&!/0(1%/234 = 30

§ W𝑀𝑆𝐸:;<=>?$ and W𝑀𝑆𝐸:;<=: similar 
behaviour

§ W𝑀𝑆𝐸:;<=>?$ almost everywhere 
highest

§ 𝜎4<L 	𝑖𝑟𝑟𝑒𝑙𝑒𝑣𝑎𝑛𝑡
§ For W𝑀𝑆𝐸544 also 𝜎=MN 	𝑖𝑟𝑟𝑒𝑙𝑒𝑣𝑎𝑛𝑡
§ when 𝜇4<L* = 30 à prior-data 

conflict à  MSE estimates increase
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a – Bias estimate

PS Model: 
just AGE 

adjustment

almost unbiased when 
∅ 𝜇)*+!. , 𝜇)*+!/ , 𝜇)*+!0 = 25
= 𝜇)*+*+&&,-$

(except for scenario 23)

almost unbiased when 
∅ 𝜇)*+!. , 𝜇)*+!/ , 𝜇)*+!0 = 25 = 𝜇)*+*+&&,-$ AND

∅ 𝜇,-.!. , 𝜇,-.!/ , 𝜇,-.!0 = 50 = 𝜇,-.*+&&,-$                        
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a – MSE estimate
𝑀𝑆𝐸 = 𝑉𝑎𝑟 + 𝐵𝑖𝑎𝑠6

𝜎'()!/ = 10	𝑓𝑜𝑟	𝑖 = 1,2,3
𝜎$%&!/ = 3	𝑓𝑜𝑟	𝑖 = 1,2,3	

∅	𝜇$%&!/0(1%/234 = 25

∅	𝜇$%&!/0(1%/234 = 30

§ 𝑃𝑆𝑀𝐴𝑃	most 
efficient method, 
𝑃𝑆𝑀𝐴𝑇𝐶𝐻 least 
efficient (except 
19,20,24,25) but 
similar W𝑀𝑆𝐸 
behaviour

§ 𝐷𝐵𝐵 comparable to 
𝑃𝑆𝑀𝐴𝑃 (except for 
some scenarios)
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a – MSE estimate

∅	𝜇'()!/0(1%/234 = 50 ∅𝜇'()!/0(1%/234 = 60

𝑀𝑆𝐸 = 𝑉𝑎𝑟 + 𝐵𝑖𝑎𝑠6

𝜎'()!/ = 10	𝑓𝑜𝑟	𝑖 = 1,2,3
𝜎$%&!/ = 3	𝑓𝑜𝑟	𝑖 = 1,2,3	

∅	𝜇$%&!/0(1%/234 = 25

§ BMI between-trial 
heterogeneity has influence 
on W𝑀𝑆𝐸544

     à PS methods more 
          stable w.r.t. that
§ Increasing between-trial 

AGE heterogeneity 
     à increase in         
         W𝑀𝑆𝐸:;<=>?$	& 
         decrease in W𝑀𝑆𝐸:;<=:

PS – Propensity Score 31



a – MSE estimate
𝑀𝑆𝐸 = 𝑉𝑎𝑟 + 𝐵𝑖𝑎𝑠6

𝜎'()!/ = 10	𝑓𝑜𝑟	𝑖 = 1,2,3
𝜎$%&!/ = 3	𝑓𝑜𝑟	𝑖 = 1,2,3	

∅	𝜇'()!/0(1%/234 = 50 ∅𝜇'()!/0(1%/234 = 60

∅	𝜇$%&!/0(1%/234 = 30

§ MSE estimates 
higher than before

§ W𝑀𝑆𝐸544 increase in 
last four scenarios 
due to different 
∅𝜇=MN* and ∅𝜇4<L* 

     à PS methods    
          more stable  
          w.r.t. that
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b – Bias estimate

PS Model: 
just AGE 

adjustment
almost unbiased when

 ∅ 𝜇)*+!. , 𝜇)*+!/ , 𝜇)*+!0 = 25 = 𝜇)*+*+&&,-$
(except for scenarios 16+23 / 18+23)

almost unbiased when 
∅ 𝜇)*+!. , 𝜇)*+!/ , 𝜇)*+!0 = 25 = 𝜇)*+*+&&,-$ 

AND 
∅ 𝜇,-.!. , 𝜇,-.!/ , 𝜇,-.!0 = 50 = 𝜇,-.*+&&,-$                    

W𝐵𝑖𝑎𝑠544 very similar
to case I 
à invariant to 𝜎 of 
covariates
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b– MSE estimate 𝑀𝑆𝐸 = 𝑉𝑎𝑟 + 𝐵𝑖𝑎𝑠6

𝜎'()!5 = 5, 𝜎'()!6 = 8, 𝜎'()!7 = 3
𝜎$%&!5 = 1, 𝜎$%&!6 = 5, 𝜎$%&!7 = 7   

∅	𝜇$%&!/0(1%/234 = 25

∅	𝜇$%&!/0(1%/234 = 30

§ W𝑀𝑆𝐸544 very similar
     to case I 
     à invariant to 𝜎 of    
          covariates
§ again 𝑃𝑆𝑀𝐴𝑇𝐶𝐻 & 
𝑃𝑆𝑀𝐴𝑃 similar W𝑀𝑆𝐸 
behaviour, but 
W𝑀𝑆𝐸:;<=>?$ almost 
everywhere highest
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b– MSE estimate

∅	𝜇'()!/0(1%/234 = 50 ∅𝜇'()!/0(1%/234 = 60

𝑀𝑆𝐸 = 𝑉𝑎𝑟 + 𝐵𝑖𝑎𝑠6

𝜎'()!5 = 5, 𝜎'()!6 = 8, 𝜎'()!7 = 3
𝜎$%&!5 = 1, 𝜎$%&!6 = 5, 𝜎$%&!7 = 7   ∅	𝜇$%&!/0(1%/234 = 25

§ W𝑀𝑆𝐸 of 𝐷𝐵𝐵 and 
𝑃𝑆𝑀𝐴𝑃 comparable

§ when ∅𝜇=MN*=60 the 
MSE estimates 
increase  
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b– MSE estimate

∅	𝜇'()!/0(1%/234 = 50 ∅𝜇'()!/0(1%/234 = 60

𝑀𝑆𝐸 = 𝑉𝑎𝑟 + 𝐵𝑖𝑎𝑠6

𝜎'()!5 = 5, 𝜎'()!6 = 8, 𝜎'()!7 = 3
𝜎$%&!5 = 1, 𝜎$%&!6 = 5, 𝜎$%&!7 = 7   ∅	𝜇$%&!/0(1%/234 = 30

§ MSE estimates higher 
than before 

§ from 19/20 to 24/25:
 W𝑀𝑆𝐸544 no decrease 
      compared to 
	 W𝑀𝑆𝐸:;<=>?$ &  W𝑀𝑆𝐸:;<=:
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Schizophrenia

PS distribution after 1:1 PS Matching (60:60)
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Schizophrenia

PS-MAP
Ø Overlapping coefficients 𝑣+: 

0.6, 0.66, 0.76, 0.71, 0.8
Ø Strata weights 𝜔+:
      0.17, 0.19, 0.21, 0.2, 
      0.23 

Trimming region
≈ 20 trimmed

12 12 12 12 12Current 

Historical 107 19 15 2
1

17 38



Mixture Distribution

Priors 𝑝3456 𝜃7∗ and 𝑝9:;< 𝜃=∗  are approximated via mixture distributions

  𝑝3456 𝜃7∗ ≈ 𝑝̂(𝜃7∗| 𝑌7∗) = 	∑<>=
?7 𝑤7,<𝑓7,<(𝑚7,<) , K7 ∈ 𝑁

  𝑝9:;< 𝜃=∗ ≈ 𝑝̂(𝜃=∗| 𝑌=∗) = 	∑<>=
?8 𝑤=,<𝑓=,<(𝑚=,<) , K= ∈ 𝑁 Mixture 

distributions

Increase standard deviation of mixture components to reach target ESS.
39



Effective Sample Size (ESS)

Expected

𝐸𝑆𝑆NPLQ = 𝐸R 𝑟 𝜃 = 𝐸R
𝑖(𝑝 𝜃 )
𝑖S(𝜃)

                               < 𝑚𝑖𝑛 ()
T

"
, 𝑁)

superior to other ESS versions

Predictive consistency: expected posterior ESS = prior ESS +  sample size N 

prior information
If prior density 𝑝6 𝜃 ∼ 𝑁 𝜃 𝑚, 𝑠" ,	
then 𝑖 𝑝6 𝜃 = #

++

Fisher information
If sampling distribution 𝑓 𝑌 𝜃 ∼ 𝑁 𝑌 𝜃, 𝜎" ,	
then 𝑖S(𝜃) = #

)+
 

within-trial to between-trial variance 
ratio; ∈ 256,64,16,4,1  depending on 
assumed between-trial heterogeneity

number of  available 
historical patients

ESS represents the amount of information the MAP prior contains 

Local 
Information 
Ratio 
ESS 

Neuenschwander, B., Weber, S., Schmidli, H., & O’Hagan, A. (2020). PredicAvely consistent prior effecAve sample sizes. Biometrics, 76(2), 578–587. 
Weber, S., Li, Y., Seaman, J. W., Kakizume, T., & Schmidli, H. (2021). Applying meta-analyAc-predicAve priors with the R Bayesian evidence synthesis 
tools. Journal of Sta4s4cal So5ware, 100(19), 1–32. hXps://doi.org/10.18637/jss. v100.i19 
Neuenschwander, B., Capkun-Niggli, G., Branson, M., & Spiegelhalter, D. J. (2010). Summarizing historical informaAon on controls in clinical trials. 
Clinical Trials, 7(1), 5–18. 40



Logistic Regression

James, G., Wi,en, D., Has0e, T., Tibshirani, R., James, G., Wi,en, D., Has0e, T., & Tibshirani, R. (2021). Sta0s0cal learning. An 
introduc+on to sta+s+cal learning: with applica+ons in R, 15–57. 

Propensity Score                   𝑒 𝑋 	≔ 𝑃 𝑍 = 1 𝑋 ≔ .UV,"-,!.!-⋯-,0.0

#'.UV,"-,!.!-⋯-,0.0

𝑋	 = 𝑋-, … , 𝑋9  denotes the 𝑑 
baseline characteristics of patients

logit of 𝑒 𝑋 ≔ 𝑙𝑜𝑔 . W
#E. W

= 𝛽% + 𝛽#𝑋# +⋯+ 𝛽0𝑋0 is the linear relationship of covariates              

estimate 𝒆 𝑿  by                   𝑒̂ 𝑋 = .UV1,"-1,!.!-⋯-1,0.0

#'.UV1,"-1,!.!-⋯-1,0.0

to get estimates «𝜷𝟏, … , «𝜷𝒅  maximize  ∏@:[27# 𝑒̂ 𝑋@ ∏\:[37%(1 − 𝑒̂ 𝑋\ )  via Maximum-Likelihood approach
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Nearest Neighbor Matching Algorithm

Zhao, Q.-Y., Luo, J.-C., Su, Y., Zhang, Y.-J., Tu, G.-W., & Luo, Z.(2021).Propensity score matching with r:ConvenAonal methods and new features. Annals of transla4onal medicine,9(9). 
AusAn, P. C. (2011). OpAmal caliper widths for propensity-score matching when es- AmaAng differences in means and differences in proporAons in observaAonal studies. 
Pharmaceu4cal sta4s4cs, 10(2), 150–161. 
Stuart, E. A. (2010). Matching methods for causal inference: A review and a look forward. Sta4s4cal science: a review journal of the Ins4tute of Mathema4cal Sta4s4cs, 25(1), 1. 

Data 𝐃 ≔ 𝒀𝟏∗, 𝒀𝟎∗, 𝒀𝒉𝒊𝒔𝒕  where 𝑌#∗ contains current treated patients, 𝑌%∗ current control patients and 
                        𝑌!@+, historical control patients
                                       à use data D to estimate PSs °𝒆 𝑿𝒊  for all patients in D

Goal: match patients ∈ 𝑌!@+,	to 𝑌%∗

Define distance  𝑑@\ ≔ 𝑙𝑜𝑔𝑖𝑡 𝑒̂ 𝑋@ − 𝑙𝑜𝑔𝑖𝑡 𝑒̂ 𝑋\ 	 𝑖 ∈ 𝑌%∗, 𝑗 ∈ 𝑌!@+,  and caliper width 𝑐 ≔ 0.2 ⋅
)4"∗-
+ )45267

+

"
≔ 𝑙𝑜𝑔

𝑒̂ 𝑋8
1 − 𝑒̂ 𝑋8

Order the logit of the PS in 𝑌%∗ in descending order 
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Nearest Neighbor Matching Algorithm

Zhao, Q.-Y., Luo, J.-C., Su, Y., Zhang, Y.-J., Tu, G.-W., & Luo, Z.(2021).Propensity score matching with r:ConvenAonal methods and new features. Annals of transla4onal medicine,9(9). 
AusAn, P. C. (2011). OpAmal caliper widths for propensity-score matching when es- AmaAng differences in means and differences in proporAons in observaAonal studies. 
Pharmaceu4cal sta4s4cs, 10(2), 150–161. 
Stuart, E. A. (2010). Matching methods for causal inference: A review and a look forward. Sta4s4cal science: a review journal of the Ins4tute of Mathema4cal Sta4s4cs, 25(1), 1. 

1:1 matching
without replacement 
with caliper
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MCMC Algorithm

MCMC – Markov Chain Monte Carlo

Gelman, A., Carlin, J. B., Stern, H. S., & Rubin, D. B. (2014). Bayesian data analysis (vol. 2).

Let 𝜃#, 𝜃", … be independent sequences drawn by starting at 𝜃%, 
𝜃, denotes a previous sequence 
Transition distribution
       𝑇,(𝜃,|𝜃,E#) 

is constructed such that Markov Chain converges to posterior distribution 𝑝(𝜃|𝑌)

based on 

Stan software uses an MCMC algorithm & samples via a Hamiltonian Monte Carlo (HMC) simulation 
algorithm given a Bayesian model

An MCMC algorithm is used within RBesT::gMAP() and by extracting infomation from historical 
information a MCMC sample is returned
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EM Algorithm

EM – Expectation Maximization
Weber, S., Li, Y., Seaman, J. W., Kakizume, T., & Schmidli, H. (2021). Applying meta-analytic-predictive priors with the R 
Bayesian evidence synthesis tools. Journal of Statistical Software, 100(19), 1–32. https://doi.org/10.18637/jss. v100.i19 

It is given observed data 𝑌, parameters 𝑤, 𝑎 and 𝑏 and the density

𝑝 𝑌 𝑤, 𝑎, 𝑏 = 	Y
@7#

b

Y
67#

8

𝑤6𝑝6 𝑌@ 𝑎6 , 𝑏6 .

component 
weights

𝑘,! component

number of componentsnumber of observations

Numerically problematic to maximize 𝑙𝑜𝑔	𝑝(𝑌|𝑤, 𝑎, 𝑏) via Maximum-Likelihood approach 
à extension to (𝑌, ³𝑌)

This leads to 𝑬c𝒀|𝒀,𝒘 𝒏 ,𝒂 𝒏 ,𝒃(𝒏) 𝐥𝐨𝐠 𝒑 𝒀, ·𝒀 𝒘, 𝒂, 𝒃 =:𝑸 𝒘, 𝒂, 𝒃 𝒘 𝒏 , 𝒂 𝒏 , 𝒃 𝒏 =:𝑸𝒏(𝒘, 𝒂, 𝒃)

After RBesT::gMAP() returns a MCMC sample, the EM algorithm within RBesT::automixfit() fits a parametric 
distribution.
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EM Algorithm

EM – Expectation Maximization
Weber, S., Li, Y., Seaman, J. W., Kakizume, T., & Schmidli, H. (2021). Applying meta-analytic-predictive priors with the R 
Bayesian evidence synthesis tools. Journal of Statistical Software, 100(19), 1–32. https://doi.org/10.18637/jss. v100.i19 

After initial guess of parameters, steps [E] and [M] 

  [E]:  Calculate 𝑸𝒏(𝒘, 𝒂, 𝒃)
  [M]: find the parameters 𝒘 𝒏'𝟏 , 𝒂 𝒏'𝟏  and 𝒃 𝒏'𝟏 	that maximize 𝑄2(𝑤, 𝑎, 𝑏) 
           such that ∑67#8 𝑤62'# = 1
           (à Lagrange technique)

are repeated until 𝑄 2 (𝑤, 𝑎, 𝑏) converges to a maximum.
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